A fully discrete discontinuous Galerkin method is introduced for solving time-dependent Maxwell's equations. Distinguished from the Runge-Kutta discontinuous Galerkin method (RKDG) and the finite element time domain method (FETD), in our scheme, discontinuous Galerkin methods are used to discretize not only the spatial domain but also the temporal domain. The proposed numerical scheme is proved to be unconditionally stable, and a convergent rate O((△t) r+1 +h k+1/2 ) is established under the L 2 -norm when polynomials of degree at most r and k are used for temporal and spatial approximation, respectively. Numerical results in both 2-D and 3-D are provided to validate the theoretical prediction. An ultra-convergence of order (△t) 2r+1 in time step is observed numerically for the numerical fluxes w.r.t. temporal variable at the grid points.
Introduction
Finite element methods, including edge element methods and discontinuous Galerkin methods, have been widely used to solve time-harmonic Maxwell's equations [2, 4, 28] as well as time-dependent Maxwell's equations [8, 9, 11, 15, [20] [21] [22] [23] [24] [25] [26] [27] , due to their high order accuracy and flexibility in handling complicated domains. Traditionally, they were only used to discretize the spatial domain to produce a system of ordinary differential equations (in time t), which was then solved by the finite difference or Runge-Kutta methods [8, 11, 15, 25, 27] . Towards this end, Makridakis and Monk proposed a fully discrete finite element method for Maxwell's equations and investigated the corresponding error estimates in [26] . Their approach resulted in a coupled non-symmetric and indefinite linear algebraic system involving both electric and magnetic fields. Later, Ciarlet Jr. and Zou [9] analyzed a fully discrete finite element approach for a second-order electric field equation derived from Maxwell's equations by eliminating the magnetic field. Both optimal energy-norm error estimate and optimal L 2 -norm error estimate were obtained. When dispersive media were involved, Li proposed some fully discrete numerical schemes. Both mixed finite element method [20] [21] [22] and interior penalty discontinuous Galerkin method [23] are considered for spatial discretization. Since Maxwell's equations are a coupled system, a fully discrete scheme was proposed by Ma [25] , aimed to reduce the computational cost by denoting the magnetic field explicitly in the numerical scheme.
The idea to discretize the temporal domain by finite element method is not something new in the literature. Actually it was proposed as early as in late 60's by Argyris and Scharpf [1] , and Oden [30] . Since then the space-time finite element methods have been widely used to solve a variety of differential equations, e.g., see [3, 5, 16] for the implementation of time-continuous Galerkin finite element schemes. Some works on space-time finite element method for solving hyperbolic equations are available, see [29, 32] . Recently, Tu et al., proposed a space-time discontinuous Galerkin cell vertex scheme to solve conservation law and time dependent diffusion equations [33] . This scheme is conceptually simpler than other existing DG-type methods. Nevertheless, to the best of our knowledge, the finite element method has not been used to discretize the temporal domain in fully discrete scheme for Maxwell's equations up to now.
On the other hand, time-discontinuous Galerkin methods were originally developed for the first order hyperbolic equations [19, 31] and have been successfully applied to various hyperbolic and parabolic equations (see [12, 16] and the references therein). They usually lead to some stable and higher-order accurate numerical schemes. Actually in [18, 19] , the time-discontinuous Galerkin method was first shown to be an A-stable, higher-order accurate ordinary differential equation solver. Furthermore, the time-discontinuous Galerkin framework seems conducive for the rigorous justification of the error estimates [18] .
In [34] we introduced a semi-discrete locally divergence-free DG method for solving Maxwell's equations in dispersive media under a unified framework. After the discretization of the spatial domain, we obtained a Volterra integro-differential system in time t. Then a continuous Galerkin method was used to solve this reduced system. The numerical results are surprisingly good! The scheme is stable even when the time step size △t is larger than the spatial mesh size h! Indeed, the scheme is essentially implicit and places no restriction on the time step size. This advantage over many explicit schemes, which have a so-called CFL condition on the time step size △t, makes the scheme worthwhile to be studied. Unfortunately, theoretical analysis of this mixed scheme (DG method in space and continuous Galerkin finite element method in time) seems to be very difficult.
Therefore, we want to seek for a numerical scheme, which not only is unconditionally stable, but also is accessible for theoretical justification. Since the DG method is applied to discretize the spatial domain in our earlier work [34] , a natural consideration is to use it to treat the temporal domain as well. Hence, we propose here a space-time DG scheme, in which two different DG methods are used to discretize the spatial and temporal domains, respectively. Fortunately, we are able to prove that the new scheme is unconditionally stable. Again, we obtain very accurate numerical solutions even when the time step size △t is larger than the spatial mesh size h, as expected. Furthermore, we prove the convergence rate O((△t) r+1 +h k+ 1 2 ) in the L 2 -norm when the r-th and k-th order polynomials are used in temporal discretization and spatial discretization respectively. Comparing with finite difference methods used in [9, 14, 20-23, 25, 26] , our space-time DG method is a high-order scheme in temporal variable.
The situation is even better in our numerical experiments, where the optimal convergence rate O(h k+1 ) in the spatial step is shown. Moreover, an ultra-convergence rate O (△t) 2r+1 in the time step is observed for the numerical fluxes with respect to the temporal variable at the grid points. This is another significant advantage of our approach over many existing numerical methods.
The outline of this paper is as follows. The model problem and our proposed spacetime DG scheme are introduced in Section 2. Both the L 2 -stability and L 2 -error estimate are proved in Section 3, where an operator splitting is introduced to decompose the error into temporal part and spatial part. Numerical examples are provided in Section 4. Finally, some possible future works and concluding remarks are presented in Section 5.
Space-time discontinuous Galerkin method

Model problem
We consider Maxwell's equations in simple homogeneous media as follows:
where ǫ and µ are the electric permittivity and magnetic permeability respectively, Ω is a Lipschitz polyhedron and I = [0,T]. Moreover a simple initial condition
and a perfect conduct boundary condition
are imposed. Here n is the outward normal of Ω, E 0 and H 0 are given functions with H 0 satisfying [27] ∇·(µH 0 ) = 0 in Ω,
Then (2.5), together with (2.1), implies 
where
The following notations in Soblev space will be used later. Denote H k (Ω) and H k (I) the standard Soblev spaces equipped with norms · k,Ω and · k,I , respectively. Further, define 12) equipped with norm 14) equipped with norm
The corresponding vector function spaces are denoted by
and
Numerical scheme
Assume that T h is a triangulation of the domain Ω with the element denoted by K, the edge by e, and the outward normal by n K . We assume that every element K of the triangulation T h is affine equivalent, see [10, 
) denote the space of polynomials in K (or I j ) of degree at most k. Then the DG finite element space for the spatial discretization is
On the other hand, the DG finite element space for the temporal discretization is
Since our approach is to discretize both the spatial and temporal domains by the DG methods, the space-time discontinuous finite element space is defined by
In fact, each component of the element inV r,k h is the product of two elements from S k h,Ω
and S r h,I . It is well known that the choice of the numerical fluxes plays a crucial role in the design of discontinuous Galerkin schemes. In order to define numerical fluxes, we need to introduce some notations first. Let e be an interior face belonging to element K. We denote
Then we define the average and tangential jump of v on any interior face e as follows:
For a boundary face e ⊂ E D which belongs to the element K, we denote
In addition, we define
Now we are ready for the definition of the numerical scheme. Multiplying (2.8)-(2.9) by a test function v, integrating over each Q K j =K× I j , and then integrating by parts, we obtain
are the numerical fluxes on the face e ⊂ E and at the nodal points t j , j = 0,1,··· ,n, respectively. Motivated by [11] and [34] , we take
on an interior face and
on a boundary face e = ∂K E D , where Z = µ/ǫ denotes the impedance of the medium. Obviously this numerical flux is consistent with f(U)·n K . On the other hand, we takê
where P h is the element-wise L 2 projection operator and will be defined later.
L 2 -stability and L 2 -error estimate
In this section, both the L 2 -stability and error estimate in L 2 norm of our numerical scheme will be analyzed. The fact that the DG methods are used to discretize spatial and temporal domains simultaneously will facilitate the theoretical justification. Actually the corresponding theoretical analysis can be done under the framework of standard Galerkin finite element method based on an operator decomposition technique.
L 2 -stability
We first focus on the L 2 -stability of our numerical scheme. Set
According to the DG scheme (2.20)
We have the following result for the stability of the DG scheme (2.20).
2), we have
By the definition of the numerical flux in (2.23) and Schwatz inequality, direct calculation shows that
where P h U 0 ≤ U 0 is used according to the definition of the projection operator P h in Subsection 3.2. Moreover, by following the same strategy as that in the proof of Lemma 3.1 in [34] , we obtain a similar identity, i.e.,
The combination of (3.3) and (3.5)-(3.8) leads to
for j = 1,2,··· ,n−1 and
Summing up (3.9) and (3.10) over j from 0 to n−1, we obtain the desired result.
Error estimate
Now we turn to the L 2 error estimate of the space-time DG solution. For this purpose, we introduce two element-wise projection operators Π h and P h and give the corresponding approximation results which will be used in the proof of the L 2 -error estimate later. First we introduce a projection operator Π h : H r+1 (I) → S r h,I , such that
Furthermore, we have the following error estimate [6] .
Moreover, we also need the element-wise L 2 -projection operator
For this L 2 projection operator, we have the following approximation lemma.
The error analysis of numerical methods for time-dependent problems is often more difficult than that for the time-independent ones. Actually, the main difficulty is how to decompose the error into the temporal part and spatial part which can be handled independently. In our work we introduce an operator decomposition as follows:
In fact, this technique was first introduced in the analysis of the finite element method for multi-dimensional elliptic problems by Douglas, Dupont and Wheeler in [13] .
Then it was implemented to analyze the convergence property of the finite element methods for parabolic and hyperbolic problems by Chen (see Chapter 3 in [7] for more details). In terms of the orthogonality relations in (3.12) and (3.14), we have 
On the other hand, by (2.20),
Taking v = v h in (2.19) and then subtracting (3.19) from (2.19) with j = 0, we obtain
Denote the left-hand side of (3.20) byB I 0 ,K (e,v h ) and let
Then we obtain the following error equation
The error e can be decomposed into
Substituting e = R−θ into (3.21) and taking v h = θ, we havē (3.26) for j = 1,2,··· ,n−1 and
Proof. By the definition ofB I j (e,v h ), we havē
for j = 1,2,··· ,n−1. Similar to the proof of the stability in Theorem 3.1, we have
for j =1,2,··· ,n−1. Following the same strategy as those in the proof of Theorem 3.1, it is easy to obtain
The combination of (3.28), (3.29) and (3.30) yields (3.26). According to (3.19), we havē
The proof is complete.
Now the key point is to estimateB I 0 (R,θ) and B I j (R,θ), j = 1,2,··· ,n−1. In terms of (3.1), (3.20), we havē
for j = 1,2,··· ,n−1, and
Now (3.15) is used to decompose R into three parts, i.e.,
Denoted by
According to the properties of projection Π h shown in (3.11), we have
According to the definition of the projection operators Π h and P h , (3.16) and (3.17), we have the following orthogonality relations, i.e.,
As a consequence,
for j = 0,1,2,··· ,n−1. On the other hand, by (3.36) and (3.37),
Implementing (3.38), (3.39) and (3.40) in (3.32) and (3.33), we havē
for j = 0,1,2,··· ,n−1.
Lemma 3.4. In terms ofB I j (R,θ), we havē
Proof. Substituting the decomposition (3.35) in (3.41), we obtain
Obviously, ξ=U−Π h U is continuous in space. Therefore the consistency of the numerical flux f(U h )·n implies
Using Lemma 3.2 and the Young's inequality, we have
By the definition of the numerical fluxes in (2.21) and (2.22), a straightforward calculation leads to
Similarly,
Since ∇×θ ∈ V r,k h , by the orthogonality property of the projection operator P h , we have
Implementing Lemma 3.3 and the Young's inequality, we obtain
,Ω dt+
According to (3.45), (3.49) and (3.50), we havē
Now we give the main result in terms of the L 2 -error estimate.
Theorem 3.2. Let U h =(H h ,E h ) T be the solution of (2.20) and (H,E) T the exact smooth solution of (2.1)-(2.2). Assume that
where C is a constant relying on T, but independent of △t and h.
Proof. By Eq. (3.25), Lemma 3.3 and Lemma 3.4, we have
Thus we obtain
by using Gronwall's inequality. Hence we obtain
On the other hand,
By using a triangular inequality, we have
which completes the proof.
Remark 3.1. It is noted that only semi-norms are used in Lemmas 3.1 and 3.2. Hence all norms in the right hand side of the error estimate in Theorem 3.2 can be replaced by the corresponding weaker semi-norms.
Numerical results
In this section, some numerical examples are given to justify our theoretical prediction. The uniform Cartesian mesh is used in all numerical examples. According to the theoretical analysis above, we know that our numerical scheme is stable without any restriction on the time step size △t. Actually we obtain accurate numerical solutions even when △t is larger than h. Moreover, in this section, the L 2 −errors are computed in the following way,
2-D numerical example
The similar error estimate for 2-D Maxwell equations can be obtained in the same way as we have done for 3-D case, by introducing the scalar and vector curl operators
To justify our theoretical analysis, we first give a 2-D numerical example. Consider the following 2-D model problem 
First we choose the time step size △t equal to the spatial mesh size h and the polynomials of the same degree for both temporal and spatial variables, i.e. r=k. The results and their corresponding convergence order are shown in Tables 1 and 2 for r = k = 1 and r = k = 2 respectively. It is observed that the convergence rate of both E h and H h in L 2 -norm is O(h k+1 ), which is better than the theoretical prediction.
As mentioned above, this space-time DG scheme is unconditionally stable. Here we use a numerical experiment to verify this claim. We take the time step size △t larger than the spatial mesh size h and r = 1, k = 2. The L 2 -errors are listed in Table 3 . It is noticed that, even when the time step size △t = 0.2,0.3, which is larger than the spatial mesh size h = 0.125, the relative errors do not increase when T = 20,30. 
3.0011e-3 1.0045e-2 Besides the unconditional stability, our approach has another important advantage over many existing numerical schemes, i.e., the implementation of the DG method in time-discretization leads to an ultra-convergence of order 2r+1 in time step for the numerical fluxes w.r.t. t at the grid points. Numerical results in Tables 4 and 5 show this phenomenon from two different ways. On the one hand, we set r=k and choose h=(△t) 2 in Table 4 . Then the ultra-convergence rate of O((△t) 3 ) and O((△t) 5 ) for k = 1 and k = 2 are observed numerically. On the other hand, we let ∆t = h but choose r = 1 and k = 2, a convergence rate of order O((∆t) 3 ) of the L 2 -error is observed in Table 5 .
3-D numerical example
We consider the following 3D Maxwell's equation 
in Ω = [0,1] 3 . Here R 1 , R 2 are chosen such that the exact solution is
Like the 2-D case we firstly choose the time step size △t equal to the spatial mesh size h and the polynomials of the same degree for both temporal and spatial variables, i.e. r = k. The L 2 -errors and their corresponding convergence order are shown in Tables  6 and 7 for r = k = 1 and r = k = 2 respectively. It is observed that the convergence rate of both E h and H h in L 2 -norm is O(h k+1 ), which is better than the theoretical prediction also.
To show the unconditional stability, we take the time step size △t larger than the spatial mesh size h and r = k = 1. The L 2 -errors are listed in Table 8 . It is noticed that the relative errors do not increase when T = 20,30 even when the time step size △t = 0.2,0.3 is larger than the spatial mesh size h = 0.125. Numerical results in Tables 9 and 10 show the ultra-convergence of our method numerically. In Table 9 we set r = k and choose h = (△t) 2 . Then the ultra-convergence rate of O((△t) 3 ) and O((△t) 5 ) for k = 1 and k = 2 are observed numerically. In Table 10 , we choose the time step size ∆t equal to the spatial mesh size h, and r = 1, k = 2. An ultra-convergence of order O((∆t) 3 ) is observed numerically.
Remark 4.1. Although the theoretical error bound is O(h k+1/2 +(∆t) r+1 ), our numerical tests indicate that the actual error seems to be O(h k+1 +(∆t) 2r+1 ). Therefore, we propose the following two strategies in practice to optimize the scheme: 1) Use the same polynomial space (P k ) 3 ×P k and different element scale h = (∆t) 2− 1 k+1 ; 2) Use the same element scale ∆t = h and different polynomial spaces (P k ) 3 ×P r with 2r = k. The first strategy suggests to use the larger time steps while the second one recommends to use higher order polynomial spaces for spatial discretization.
Concluding remarks
A space-time DG method is proposed to solve time-dependent Maxwell's equation in homogeneous media. The L 2 -stability is proved. Based on a technical operator decomposition, the convergence rate of O h k+ 1 2 +(∆t) r+1 in the L 2 -norm is established under the standard Galerkin finite element framework.
The proposed space-time DG method is essentially an implicit scheme. The main advantages of it over the traditional explicit time step approaches are 1) its unconditionally stable property, and 2) its ultra-convergence in time steps. These favorable properties make it possible to compute long time behavior of time-dependent Maxwell's equations and offset the disadvantage of the computational cost of the implicit method. As explained in Remark 4.1, it is advised to use h ≈ (∆t) 2 in our scheme instead of ∆t = O(h) in most explicit methods. A systematic study of comparison of the proposed space-time DG method with the explicit time step approaches (spatial semi-discretization by DG) would be a separate work. Other future works include the rigorous justification of the ultra-convergence in time steps, the h-version and hp-version space-time DG methods for Maxwell's equations in dispersive media and meta-materials, and their corresponding theoretical analysis and applications.
